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Multi-parton 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In addition to the inlusive ross setions disussed within the QCD-parton model, in the
regime of multiple parton interations, dierent and more exlusive ross setions beome
experimentally viable and may be suitably measured. Indeed, in its study of double parton
ollisions, the quantity measured by CDF was an "exlusive" rather than an inlusive ross
setion. The non perturbative input to the "exlusive" ross setions is dierent with respet
to the non perturbative input of the inlusive ross setions and involves orrelation terms of
the hadron struture already at the level of single parton ollisions. The matter is disussed
in details keeping expliitly into aount the eets of double and of triple parton ollisions.
PACS numbers: 11.80.La; 12.38.Bx; 13.85.Hd; 13.87.-a
Keywords: Multiple sattering, Perturbative 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ulations, Inelasti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of jets
1. INTRODUCTION
The growing importane of multiple parton interations (MPI) at high energy has stimulated a
lot of interest in the phenomenon, in view of the forthoming results at the LHC[1℄[2℄. MPI are es-
sential to desribe the features of the minimum bias and of the underlying event[3℄[4℄[5℄[6℄[7℄[8℄[9℄
and may represent an important bakground in many hannels of interest at the LHC[1℄[2℄, not
only in proesses where the ross setion is large, as the unitarity issue at the origin of the eet
might suggest, but also in ases where the ross setion is rather small, like for the searh of the
Higgs boson[10℄[11℄ or in the ase of the prodution of equal sign W boson pairs[12℄[13℄[2℄. On
the other hand MPI are by themselves an interesting topi of researh, sine by studying MPI
one may obtain informations on the multi-parton struture of the hadron[1℄[2℄.
Up to now the diret observation of MPI has not been easy. The diret measurement of
MPI requires in fat the identiation of the nal fragments of the multiple proess and the
redution of statistis, due to the request of large momentum exhange in eah hard interation,
has restrited onsiderably the possibilities of a diret study of the phenomenon. To measure
the MPI one needs moreover to separate the bakground due to hard radiation. A given multi-
partons nal state may in fat be produed either by a multiple or by a single parton ollision.
The separation between the two ontributions has proven to be experimentally feasible in the
ase of double parton ollisions[14℄[15℄[16℄[17℄. The enhaned ontribution of MPI at high energy
will failitate onsiderably diret studies of the phenomenon and one may reasonably expet that
the separation of the two dierent ontributions will be done more easily at the LHC, at least in
the simplest ases of MPI.
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2In the regime where MPI may be observed diretly, in addition to the inlusive ross setions
usually onsidered in large momentum exhange proesses, one has the possibility to measure di-
verse and more exlusive ross setions, omputable in perturbation theory and linked dierently
to the hadron struture[18℄. In pp interations MPI are dominated by independent ollisions,
initiated by dierent pairs of partons[19℄[20℄. A diret onsequene is that the multi-parton
inlusive ross setions are proportional to the moments of the distribution in the number of
ollisions[18℄. On the other hand, a statistial distribution may be haraterized either by its
moments or by its dierent terms. While the moments of the distribution in the number of
ollisions are measured by the multi-parton inlusive ross setions, the dierent terms of the
distribution are measured by a dierent set of observables, whih one may all "exlusive" ross
setions. Inlusive and "exlusive" ross setions result from independent measurements and are
linked in a dierent way to the hadron struture. The two sets of ross setions are however on-
neted by sum rules. By testing the sum rules, namely by looking at the number of terms needed
to saturate the sum rules in a given phase spae region, one measures the eets of unitarity
orretions, whih allows to ontrol the onsisteny of the analysis and provides an additional
handle to obtain information on the multi-parton orrelations of the hadron struture.
Interestingly, in its study of MPI, the CDF experiment did not measure the inlusive ross
setion of double parton sattering. The events seleted where i fat only those whih ontained
just double parton ollisions, while all events with triple satterings (about 17% of the sample of
all events with double parton satterings) where removed[17℄. The resulting quantity measured
by CDF is hene dierent with respet to the inlusive ross setions usually disussed in large pt
physis. In fat it represents preisely one of the "exlusive" ross setions reently disussed[18℄.
While the inlusive ross setions are linked diretly to the multi-parton struture of the
hadron the link of the "exlusive" ross setions with the hadron struture is muh more elabo-
rate. The requirement of having only events with a given number of hard ollisions implies that
the orresponding ross setion (being proportional to the probability of not having any further
hard interation) depends on the whole series of multiple hard ollisions. The number of hard
partoni ollisions whih an be observed diretly is nevertheless limited, whih allows to disuss
the "exlusive" ross setions by expanding in the number of elementary interations. Simple
and diretly testable onnetions between inlusive and "exlusive" ross setions may hene be
established by saturating the sum rules, whih link "inlusive" and exlusive ross setions, with
a nite number of terms.
The purpose of the present paper is to disuss the "exlusive" multiparton sattering ross
setions, going up to the third order in the number of ollisions and keeping two-body parton
orrelations expliitly into aount, while the eets of the three-body parton orrelations in the
hadron struture will be negleted. Expliit expressions in terms of the two-body orrelation
parameters will be derived in a few simplest ases, where orrelations will be assumed to depend
only on the transverse oordinates.
2. "EXCLUSIVE" CROSS SECTIONS
In pp ollisions, the inlusive ross setions are basially the moments of the distribution
of the number of MPI[18℄. The most basi information on the distribution in the number of
3ollisions, the average number, is hene given by the single sattering inlusive ross setion of
the QCD parton model. Analogously the K-parton sattering inlusive ross setion σKgives the
Kth moment of the distribution in the number of ollisions and is related diretly to the K-body
parton distribution of the hadron struture:
σK =
1
K!
∫
DA(x1 . . . xK ; b1 . . . bK)σˆ(x1x
′
1) . . . σˆ(xKx
′
K)
×DB(x′1 . . . x′K ; b1 − β . . . bK − β)dx1dx′1d2b1 . . . dxKdx′Kd2bKd2β
=
〈N(N − 1) . . . (N −K + 1)〉
K!
σhard (1)
where σhard represents the ontribution to the total inelasti ross setion due to all events with
al least one hard interation, while D(x1 . . . xK ; b1 . . . bK) is the K-partons density of the hadron
struture, with transverse parton oordinates b1 . . . bK and frational momenta x1 . . . xK , β is
the hadroni impat parameter and σˆ the parton-parton ross setion.
A way alternative to the set of moments, to provide the whole information of the distribution,
is represented by the set of the dierent terms of the probability distribution of multiple ollisions.
Correspondingly, in addition to the set of the inlusive ross setions σK , one may onsider the
set of the "exlusive" ross setions σ˜N , where one selets the events where only N ollisions are
present. One hene has:
σhard ≡
∞∑
N=1
σ˜N , σK ≡
∞∑
N=K
N(N − 1) . . . (N −K + 1)
K!
σ˜N (2)
whih represents also a set of sum rules onneting the inlusive and the "exlusive" ross setions.
While the non perturbative input to the inlusive ross setion σK is given by the K-parton
distributions of the hadron struture, as impliit in Eq.(2), the non-perturbative input to the
"exlusive" ross setions is given by an innite set of multi-parton distributions. The request
of being in a perturbative regime limits however the number of partoni ollisions and the sum
rules in Eq.(2) are saturated by a few terms, in suh a way that the "exlusive" ross setions
an be expressed by nite ombinations of inlusive ross setions. A partiular ase is when all
orrelations Cn with n > 2 are negligible (higher order orrelation terms may be introdued in
the piture of the interation as skethed in the appendix). In that instane all sums in Eq.(2)
an be performed[21℄[22℄ and (negleting all resatterings) the hard ross setion σhard an be
expressed in the following funtional form:
σhard(β) =
[
1 − exp
{
−
∫
dudu′∂J σˆ(u, u
′)∂J ′
}]
ZA[J ]ZB [J ′]
∣∣∣∣
J=J ′=1
(3)
where u ≡ {x, b}, u′ ≡ {x′, b′ − β} and σˆ(u, u′) is the interation probability of the two partons
with oordinates u and u′. For simpliity avor indies are omitted and the integration limits are
set by the limits of the phase spae window where the MPI are observed. The two-body parton
orrelations are introdued through the funtional
4Z[J + 1] ≡ exp
{∫
D(u)J(u)du +
1
2
∫
C(u, v)J(u)J(v)dudv
}
=
∑
n
1
n!
∫
J(u1) . . . J(un)Dn(u1 . . . un)du1 . . . dun (4)
whih generates the non-perturbative input of the n-parton inlusive ross setions, the inlusive
n-body parton distributions Dn(u1 . . . un). Under these onditions Eq.(3) an be worked out
fully expliitly. One obtains[21℄[22℄
σhard(β) = 1− exp
[
−1
2
∑
n
an − 1
2
∑
n
bn/n
]
(5)
where
an = (−1)n+1
∫
DA(u1)σˆ(u1, u
′
1)CB(u
′
1, u
′
2)σˆ(u
′
2, u2)CA(u2, u3) . . .
· · · σˆ(un, u′n)DB(u′n)
n∏
i=1
duidu
′
i (6)
and the hain, whih starts with A, may end either with A or with B, depending wether n is
odd or even. For bn one has
bn = (−1)n+1
∫
CA(un, u1)σˆ(u1, u
′
1)CB(u
′
1, u
′
2) . . .
· · ·CB(u′n−1, u′n)σˆ(u′n, un)
n∏
i=1
duidu
′
i (7)
and in this ase only even values of n are possible.
The exponential in Eq.(5) represents the probability of no interation at a given impat
parameter β. All "exlusive" ross setions an be obtained from the argument of the exponential.
One may start from the partoni interation probability
1−
n∏
i,j=1
(1− σˆij) (8)
where in the produt eah index assumes a given value only one, in suh a way that possible
re-interations are not inluded. The probability of having only a single interation is expressed
by
(
− ∂
∂g
)
n∏
i,j=1
(1− gσˆij)
∣∣∣∣∣
g=1
=
∑
kl
σˆkl
n∏
ij 6=kl
(1− gσˆij)
∣∣∣∣∣
g=1
(9)
while the probabilities of a double and of a triple ollision are
51
2!
(
− ∂
∂g
)2 n∏
i,j=1
(1− gσˆij)
∣∣∣∣∣
g=1
=
1
2!
∑
kl
∑
rs
σˆklσˆrs
n∏
ij 6=kl,rs
(1− gσˆij)
∣∣∣∣∣
g=1
1
3!
(
− ∂
∂g
)3 n∏
i,j=1
(1− gσˆij)
∣∣∣∣∣
g=1
=
1
3!
∑
kl
∑
rs
∑
tu
σˆklσˆrsσˆtu
n∏
ij 6=kl,rs,tu
(1− gσˆij)
∣∣∣∣∣
g=1
(10)
and the orresponding expressions for the "exlusive" ross setions
(
− ∂
∂g
)
e −X(g)
∣∣∣∣∣
g=1
= X ′(g) e −X(g)
∣∣∣∣∣
g=1
1
2!
(
− ∂
∂g
)2
e −X(g)
∣∣∣∣∣
g=1
=
1
2!
{
[X ′(g)]2 −X ′′(g)
}
e −X(g)
∣∣∣∣∣
g=1
1
3!
(
− ∂
∂g
)3
e −X(g)
∣∣∣∣∣
g=1
=
1
3!
{
X ′′′(g) + [X ′(g)]3 − 3X ′(g)X ′′(g)
}
e −X(g)
∣∣∣∣∣
g=1
(11)
where X = 1
2
(
∑
an +
∑
bn/n).
It's onvenient to expand X and its derivatives in the number of elementary ollisions
X = X1 +X2 +X3 + . . .
(12)
where
X1 =
∫
DA(u)σˆ(u, u
′)DB(u
′)dudu′
X2 = −1
2
[∫
DA(u1)σˆ(u1, u
′
1)CB(u
′
1, u
′
2)σˆ(u
′
2, u2)DA(u2)
2∏
i=1
duidu
′
i +A↔ B
]
−1
2
∫
CA(u1, u2)σˆ(u1, u
′
1)CB(u
′
1, u
′
2)σˆ(u
′
2, u2)
2∏
i=1
duidu
′
i
X3 =
∫
DA(u1)σˆ(u1, u
′
1)CB(u
′
1, u
′
2)σˆ(u
′
2, u2)CA(u2, u3)σˆ(u3, u
′
3)
×DB(u′3)
3∏
i=1
duidu
′
i
(13)
The derivatives at g = 1 give
6X ′1(v, v
′) = DA(v)σˆ(v, v
′)DB(v
′)
X ′2(v, v
′) = −
[
DA(v)σˆ(v, v
′)
∫
CB(v
′, u′1)σˆ(u
′
1, u1)DA(u1)du1du
′
1 +A↔ B
]
−
∫
CA(u1, v)σˆ(v, v
′)CB(v
′, u′1)σˆ(u
′
1, u1)du1du
′
1
X ′3(v, v
′) =
[
DA(v)σˆ(v, v
′)
∫
CB(v
′, u′1)σˆ(u
′
1, u1)CA(u1, u2)σˆ(u2, u
′
2)
×DB(u′2)
2∏
i=1
duidu
′
i
+
∫
DA(u1)σˆ(u1, u
′
1)CB(u
′
1, v
′)σˆ(v′, v)CA(v, u2)σˆ(u2, u
′
2)
×DB(u′2)
2∏
i=1
duidu
′
i
+
∫
DA(u1)σˆ(u1, u
′
1)CB(u
′
1, u
′
2)σˆ(u
′
2, u2)CA(u2, v)σˆ(v, v
′)
×DB(v′)
2∏
i=1
duidu
′
i
]
(14)
and
X ′′2 (v1, v
′
1; v2, v
′
2) = −
[
DA(v1)σˆ(v1, v
′
1)CB(v
′
1, v
′
2)σˆ(v
′
2, v2)DA(v2) +A↔ B
]
−CA(v2, v1)σˆ(v1, v′1)CB(v′1, v′2)σˆ(v′2, v2)
X ′′3 (v1, v
′
1; v2, v
′
2) = 2
[
DA(v1)σˆ(v1, v
′
1)CB(v
′
1, v
′
2)σˆ(v
′
2, v2)
∫
CA(v2, u1)σˆ(u1, u
′
1)
×DB(u′1)du1du′1
+DA(v1)σˆ(v1, v
′
1)
∫
CB(v
′
1, u
′
1)σˆ(u
′
1, u1)CA(u1, v2)du1du
′
1
×σˆ(v2, v′2)DB(v′2)
+
∫
DA(u1)σˆ(u1, u
′
1)CB(u
′
1, v
′
1)du1du
′
1σˆ(v
′
1, v1)CA(v1, v2)
×σˆ(v2, v′2)DB(v′2)
]
X ′′′3 (v1, v
′
1; v2, v
′
2; v3, v
′
3) = 6DA(v1)σˆ(v1, v
′
1)CB(v
′
1, v
′
2)σˆ(v
′
2, v2)CA(v2, v3)σˆ(v3, v
′
3)DB(v
′
3)
(15)
By substituting the expansions in the number of elementary ollisions in the expressions of the
interation probabilities and by expanding the exponential, one obtains the expressions:
7σ˜′1 = (X
′
1 +X
′
2 +X
′
3)(1−X1 −X2 +X1 ·X1/2)
2× σ˜′′2 = (X ′1 ·X ′1 + 2X ′1 ·X ′2 −X ′′2 −X ′′3 )(1−X1)
3× σ˜′′′3 =
1
2
(X ′′′3 +X
′
1 ·X ′1 ·X ′1 − 3X ′1 ·X ′′2 )
(16)
where σ˜′1 et. are the "exlusive" ross setions, dierentiated aording with (14) and (15). The
integrated "exlusive" ross setions hene are
σ˜1 = X1 −X21 −X1X2 +X31/2 + 2X2 − 2X2X1 + 3X3
2× σ˜2 = X21 + 4X1X2 − 2X2 − 6X3 −X31 + 2X1X2
3× σ˜3 = 3X3 + (X1)3/2− 3X1X2
(17)
The sum rules of Eq.(2) are satised as follows
σ˜1 + 2× σ˜2 + 3× σ˜3 = X1
−X21 + 2X2 +X21 − 2X2 −X1X2 +X31/2− 2X2X1 + 3X3
+4X1X2 − 6X3 −X31 + 2X1X2 + 3X3 + (X1)3/2− 3X1X2
= X1 ≡ σS
2× σ˜2 + 6× σ˜3 = X21 − 2X2
+4X1X2 − 6X3 −X31 + 2X1X2 + 6X3 + (X1)3 − 6X1X2
= X21 − 2X2 ≡ 2× σD
6× σ˜3 = 6X3 + (X1)3 − 6X1X2 ≡ 3!× σT (18)
where σS , σD and σT are respetively the single, double and triple parton sattering inlusive
ross setions. Expliitly
σS = X1 =
∫
DAσˆDB
σD =
1
2
[X21 − 2X2] =
1
2
[∫
DAσˆDB ·DAσˆDB +
∫
DAσˆCB σˆDA
+
∫
DBσˆCAσˆDB +
∫
CAσˆCB σˆ
]
=
1
2
∫
[DADA + CA]σˆσˆ[DBDB + CB] (19)
where [DD + C] ≡ D2, the two body parton distribution as dened in Eq.(4). An analogous
expression may be written for σT .
8The relations (18) may be inverted
σ˜1 = σS − 2σD + 3σT
σ˜2 = σD − 3σT
σ˜3 = σT (20)
whih allow to express the sale parameters haraterizing the double and triple parton ollisions
in terms of the single sattering inlusive ross setion σS and of the single and double parton
"exlusive" ross setions σ˜1 and σ˜2:
σD = σS − σ˜1 − σ˜2 = 1
2
σ2S
σeff
σT =
1
3
(σS − σ˜1 − 2σ˜2) = 1
6
σ3S
1
τσ2eff
(21)
where the sale fator of the triple parton sattering ross setion has been haraterized by the
dimensionless parameter τ .
3. CORRELATIONS IN TRANSVERSE SPACE
Multiple parton ollisions are most important in the region of small frational momenta,
where the large population of partons may dilute orrelations and e.g. orrelations due to energy
onservation may not be of major importane. A simplest possibility is hene to neglet alto-
gether orrelations in frational momenta and to work out some ase where only orrelations in
transverse spae are present and whih allows an analyti treatment. To disentangle the eet of
orrelations in transverse spae from other soures of orrelation, we will onsider the instane
where all orrelation terms give zero, when integrated on the transverse oordinates, in suh
a way that all other variables remain unorrelated and, in partiular, the distribution in the
number of partons is Poissonian.
The atual dependene of the orrelation on the transverse variables is not presribed by
general priniples, in this setion two hoies are presented, a Gaussian shape and an exponential
shape, both were used in a previous disussion[18℄.
3.1. Gaussian density
Using Gaussian distributions for the parton densities in transverse spae and for the orrela-
tions one obtains losed analyti expressions:
9D(x, b) = G(x)f(b)
f(b) = g(b,R2)
C(x1, x2; b1, b2) = G(x1)G(x2)h(b1, b2)
h(b1, b2) = c · g(B,R2/2)h¯(b, λ2)
h¯(b, λ2) =
d
dγ
g¯(b, λ2/γ)
∣∣∣
γ=1
(22)
where G(x) represents the usual one-body parton distribution, g¯(b, λ2/γ) ≡ η · g(b, λ2/γ),
g(b,R2) =
1
piR2
exp(−b2/R2)
and
B = [b1 + b2]/2
b = [b1 − b2] (23)
in suh a way that the following relations hold
∫
d2bg(b,R2) = 1,
∫
d2b2g(b1 − b2, R21)g(b2, R22) = g(b1, R21 +R22)∫
h(b1, b2)d
2b = 0 (24)
One may dene the orrelation length rc as the value of b where the orrelation term h¯(b, λ
2)
hanges sign. With our denition of h¯(b, λ2) one has rc = λ.
To dene unambiguously the "orrelation strength" c, one needs to normalize properly the or-
relation term h¯(b, λ2) (whih integrates to zero). Our hoie is
∫
|b|≤rc
h¯(b, λ2)d2b = 1
whih gives η = e, where e the Euler's number.
The integrations on the transverse variables of the terms in Eq.'s 13-15 give
10
DAσˆDB →
∫
d2bd2βg(b− β, R2A)g(b, R2B) = 1
DAσˆDB ·DAσˆDB →
∫
d2b1d
2b2d
2βg(b1 − β, R2A)g(b1, R2B)g(b2 − β, R2B)g(b2, R2B)
=
1
2pi(R2A +R
2
B)
DAσˆDB ·DAσˆDB ·DAσˆDB →
∫
d2b1d
2b2d
2b3d
2βg(b1 − β, R2A)g(b1, R2B)g(b2 − β, R2A)
×g(b2, R2B)g(b3 − β, R2A)g(b3, R2B)
=
1
3pi2(R2A +R
2
B)
2
DAσˆCB σˆDA →
∫
d2b1d
2b2d
2βg(b1 − β, R2A)hB(b1,b2)g(b2 − β, R2A)
=
cBe
pi
λ2B
(2R2A + λ
2
B)
2
DAσˆCB σˆDA ·DAσˆDB →
∫
d2b1d
2b2d
2b3d
2βg(b1 − β, R2A)hB(b1,b2)g(b2 − β, R2A)
×g(b3 − β, R2A)g(b3, R2B)
=
cBe
3pi2
2λ2B
(R2A +R
2
B)(2R
2
A + λ
2
B)
2
CAσˆCBσˆ →
∫
d2b1d
2b2d
2βhA(b1 − β,b2 − β)hB(b1,b2)
=
cAcBe
2
pi
2λ2Aλ
2
B
(λ2A + λ
2
B)
3
CAσˆCBσˆ ·DAσˆDB →
∫
d2b1d
2b2d
2b3d
2βhA(b1 − β,b2 − β)hB(b1,b2)
×g(b3 − β, R2A)g(b3, R2B)
=
cAcBe
2
3pi2
4λ2Aλ
2
B
(R2A +R
2
B)(λ
2
A + λ
2
B)
3
DAσˆCBσˆCAσˆDB →
∫
d2b1d
2b2d
2b3d
2βg(b1, R
2
A)hB(b1 − β,b2 − β)hA(b2,b3)
×g(b3 − β, R2B)
=
16cAcBe
2
3pi2R2AR
2
B
E(s2A, s
2
B , r
2) (25)
where sA,B = (λ/R)A,B , r = RA/RB and
E
(
s2A, s
2
B, r
2
) ≡ s2As2B
[
32r2 + 100 + 32r−2 + 6s2B(1 + 4r
−2) + 3s2A
(
3s2B + 2(4r
2 + 1)
)]
{
s2A
[
3s2B + 2(4r
2 + 1)
]
+ 2
[
6 + s2B(1 + 4r
−2)
]}3
Using Eq.s(20) and (21), all inlusive and "exlusive" ross setions, up to the triple order in the
number of parton ollisions, are expressed in terms of the single sattering inlusive ross setion
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σS , of the "eetive" ross setion σeff and of the parameter τ . In the ase of ollisions of two
idential hadrons the expliit expressions of σeff and τ are
1
σeff
=
3
8piR¯2
{
1 + c · e 16× 3s¯
2
(4 + 3s¯2)2
+ c2 · e2 2
3s¯2
}
(26)
and
1
τσ2eff
=
3
16pi2R¯4
{
1 + c · e 16× 9s¯
2
(4 + 3s¯2)2
+ c2 · e2
[ 2
3s¯2
+ 6× 64E
(3s¯2
2
,
3s¯2
2
, 1
)]}
(27)
where s¯ ≡ λ/R¯ (λ = rc is the orrelation length) and R¯2 ≡ 32R2 is the square hadron radius
measured in the generalized parton distributions[23℄[24℄.
3.2. Exponential density
The ase where the parton density has an exponential shape is better displayed in Fourier-
transform representation:
g(b,R2) =
1
(2pi)2
∫
e−ik·b
1
(1 + k2R2)2
d2k (28)
while all other terms dened in Eq(22) are redened aording with this unique hange. In
partiular, the orrelation term is
h(b1, b2) = c · g(B,R2/2)h¯(b, λ2)
h¯(b, λ2) =
d
dγ
g¯(b, λ2/γ)
∣∣∣
γ=1
=
2
(2pi)2
∫
e−ik·b
(kλ)2
(1 + k2λ2)3
d2k
and g¯(b, λ2/γ) ≡ η · g(b, λ2/γ). As in the previous ase, one denes the orrelation length rc as
the value of the distane |b1−b2| where the orrelation h¯(b, λ2) hanges sign. The relation with
the parameter λ is rc = x0λ with x0 ≃ 2.387[18℄. The normalization parameter η, dened by the
requirement
∫
|b|≤rc
h¯(b, λ2)d2b = 1
is now η ≃ 3.456.
The integrations on the transverse variables annot be always displayed in losed form, a
relevant simpliation is got by taking the parameters R and λ to be equal in A and B.
In this ase the integrations on the transverse variables of the terms in Eq.'s 13-15 give
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DAσˆDB →
∫
d2bd2βg(b− β)g(b) = 1
DAσˆDB ·DAσˆDB →
∫
d2b1d
2b2d
2βg(b1 − β)g(b1)g(b2 − β)g(b2)
=
1
4piR2
1
7
DAσˆCBσˆDA →
∫
d2b1d
2b2d
2βg(b1 − β)h(b1,b2)g(b2 − β)
=
c
4piR2
ηF
[ 1
s2
]
F (a) ≡ 3 + 44a− 36a
2 − 12a3 + a4 + 12a(2 + 3a)ln(a)
3(a− 1)6a
CAσˆCB σˆ →
∫
d2b1d
2b2d
2βh(b1 − β,b2 − β)h(b1,b2)
=
c2
4piR2
2η2
15s2
DAσˆDB ·DAσˆDB ·DAσˆDB → 1
(4pi)2
1
R4
∫ ∞
0
(1 + x+ y)[(1 + x+ y)2 + 6xy]dx dy
(1 + x)4(1 + y)4[(1 + x+ y)2 − 4xy]7/2
≃ 1
(4piR2)2
× 0.030
DAσˆDB ·DAσˆCBσˆDA → c η
(4pi)2
1
R4
∫ ∞
0
2
(1 + x/4 + y)2 − xy/2
(1 + x/2 + y)3[(1 + x+ 2y + (x/2− y)2]3/2
× s
2y
(1 + s2y)3
dx dy
(1 + x)4(1 + x/2)2
≡ c
(4piR2)2
ηH
[ 1
s2
]
CAσˆCBσˆ ·DAσˆDB → c2η2 1
4pi2
1
R4
1
s2
∫ ∞
0
dx
(1 + x)4(1 + x/2)4
y2 dy
(1 + y)6
≃ c
2
(4piR2)2
η2
s2
× 0.0256
DAσˆCBσˆCAσˆDB → c2η2 1
(4piR2)2
∫ pi
0
4
dφ
pi
∫ ∞
0
dx
(1 + x)2(1 + x/2)2
dy
(1 + y)2(1 + y/2)2
× w
(1 + w)3
w′
(1 + w′)3
≡ c
2
(4piR2)2
η2L
[ 1
s2
]
(29)
where s = λ/R, w = s2 [x+ y/4−√xy cosφ] and w′ = s2 [x/4 + y −√xy cosφ].
The funtions F , H and L dened above, are given in Table I for four dierent values of the
parameter s2.
The root mean square radius R¯ in now given by R¯2 = 12R2, so a more meaningful referene
parameter is s¯ ≡ rc/R¯ = x0/
√
12 · λ/R. As a funtion of R¯, s¯ and of the orrelation strength c,
the expressions of the eetive ross setion and of the parameter τ are
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Table I: The funtions F , H and L in Eq.'s(29) for three dierent values of s2
s2 0.5 1 2 3
s¯2 0.2372 0.4744 0.9488 1.4232
F [1/s2] 0.0140 0.0667 0.2735 0.5834
H [1/s2] 0.0104 0.0120 0.0119 0.0110
L[1/s2] 0.0089 0.0094 0.0078 0.0064
1
σeff
=
3
7piR¯2
{
1 + c · 14ηF
( 1
12
x20
s¯2
)
+ c2 · 14
15
η2
( 1
12
x20
s¯2
)}
(30)
and
1
τσ2eff
≃ 0, 27
pi2R¯4
{
1 + c · 400ηH
( 1
12
x20
s¯2
)
+c2 · η2
[x20
s¯2
0, 64
3
+ 800L
( 1
12
x20
s¯2
)]}
(31)
3.3. Superposition of Poissonians
A partiular ase, where all n-body orrelations are important and whih an be worked out
expliitly, is when the parton distribution is given by the superposition of dierent Poissonians.
The superposition of Poissonians is naturally obtained when introduing diration in a multi-
hannel eikonal model of high energy hadroni interations[25℄[26℄[27℄. To have some indiation
on this ase we onsider the simplest possibility where the probability Pn, to nd n partons
within a given kinematial range, is given by the sum of two Poissonians with average numbers
n1 and n2
Pn =
[
γ
nn1
n!
e −n1 + (1− γ)n
n
2
n!
e −n2
]
n1,2 =
∫
n1,2(x, b)dxd
2b, n1,2(x, b) = G(x)g(b,R
2
1,2) (32)
here γ gives the relative weight of the two Poissonians and the integration limits in x are dened
by the kinematial range relevant to the ase of interest. Notie that, as we want to disentangle
the eet of orrelations in the transverse oordinates, while n1(x, b) 6= n2(x, b), the integrated
values n1 and n2 are equal. The average density of partons with frational momentum x and
transverse oordinate b is
〈n〉 =
∞∑
n=1
nPn =
[
γn1 + (1− γ)n2
]
=
∫
D(x, b)dxd2b ;
D(x, b) ≡ G(x)[γg(b,R21) + (1− γ)g(b,R22)] (33)
while for the average density of pairs of partons with oordinates x1, b1 and x2, b2 one obtains
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〈n(n− 1)〉 =
∞∑
n=1
n(n− 1)Pn =
[
γn21 + (1− γ)n22
]
=
∫
D2(x1, b1;x2, b2)dx1dx2d
2b1d
2b2 ;
D2(x1, b1;x2, b2) ≡ G(x1)G(x2)
[
γg(b1, R
2
1)g(b2, R
2
1) + (1− γ)g(b1, R22)g(b2, R22)
]
(34)
and analogously
Dn(x1, b1 . . . xn, bn) ≡ G(x1) . . . G(xn)
×[γg(b1, R21) . . . g(bn, R21) + (1− γ)g(b1, R22) . . . g(bn, R22)] (35)
The expression of the inlusive ross setion of N independent parton ollisions σN hee is
σN =
1
N !
σNS ×
{
γ2
∫ [
g(β, 2R21)
]N
d2β + 2γ(1− γ)
∫ [
g(β,R21 +R
2
2)
]N
d2β
+(1− γ)2
∫ [
g(β, 2R22)
]N
d2β
}
(36)
The atual alulations are arried out for the ase of the Gaussian parton density, where the
eetive ross setion and the parameter τ of the triple sattering inlusive ross setion are
given by
1
σeff
=
3
4piR¯2
{
γ2 · 1
2α
+ 2γ(1 − γ) · 1
2
+ (1− γ)2 · 1
2(2 − α)
}
(37)
and
1
τσ2eff
=
3
4piR¯4
{
γ2 ·
( 1
2α
)2
+ 2γ(1 − γ) ·
(1
2
)2
+ (1− γ)2 ·
( 1
2(2− α)
)2}
(38)
where we made the positions
R21 = αR
2, R22 = (2− α)R2 and R2 =
3
2
R¯2
with R¯2 the mean square hadron radius measured in the generalized parton distributions.
One reognizes that the three dierent terms in the urly brakets are the ontributions to the
sale fators due to all possible ombinations of the dierent sizes of the two interating hadrons
(R1-R1, R1-R2+R2-R1 and R2-R2)[26℄.
To make ontat with the general formalism previously disussed, one may identify the or-
relation term by the relation
D2(x1, b1;x2, b2) =
[
D(x1, b1)D(x2, b2) + C(x1, b1;x2, b2)
]
(39)
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whih gives
C(x1, b1;x2, b2) = G(x1)G(x2)
{[
γg(b1, R
2
1)g(b2, R
2
1) + (1− γ)g(b1, R22)g(b2, R22)
]
−[γg(b1, R21) + (1− γ)g(b1, R22)]
×[γg(b2, R21) + (1− γ)g(b2, R22)]}
= γ(1− γ)G(x1)G(x2)
{[
g(b1, R
2
1)− g(b1, R22)
]
×[g(b2, R21)− g(b2, R22)]} (40)
The orrelation strength c is hene expressed as a funtion of the relative weight of the two
Poissoninas γ by the relation
c = γ(1− γ) (41)
while the orrelation length rc, now dened by the hange of sign of the orrelation terms for b1
or b2 = rc, is given here below as a funtion of the mean square root hadron radius R¯ and of the
parameter α, whih ontrols the relative value of the two transverse radii R1 and R2:
rc = R¯
[1
3
α(2 − α)ln
(2− α
α
)] 1
2
(42)
The ase disussed in [27℄ orresponds to c = 1
4
and rc =
R¯
2
√
ln3 ≃ .52R¯. With R¯2 = .42fm2[28℄
one obtains σeff ≃ 30mb, too large to explain the value of σeff observed by CDF[16℄[17℄.
Notie that in the two-hannel eikonal model disussed in[25℄ one obtains a value of σeff in
agreement with the experimental indiation. The reason is that, in the model, ompat hadroni
ongurations are haraterized by a stronger Pomeron oupling, whih orresponds assoiating
a higher partoni population to the ompat ongurations. In the present ase the distribution
in the number of partons is, on the ontrary, the same in the two ongurations with transverse
distanes R1 and R2 (namely n1 = n2, after integrating on b). One may hene onlude that the
experiment indiates that the utuation of the whole hadron struture in its transverse size,
to the extent suggested by diration, is not enough to explain the value of σeff , whih may,
on the ontrary, require the introdution of orrelation terms of the kind disussed here above
in subsetions 3.1 and 3.2, or/and of orrelations in frational momenta. In this last instane
the multiparton distribution of the hadron struture is dierent from a Poissonian, also after
integrating on the parton's kinematial variables.
4. CONCLUDING REMARKS
Multiple parton interations are going to play an important role at the LHC, both in the
desription of the properties of the minimum bias and of the underlying event and as a bakground
to various hannels of interest for the searh of new physis. The study of MPI represents
moreover the basi handle to obtain information on unknown non-perturbative features of the
hadron struture, namely the orrelations between partons.
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In the present paper we have tried to identify the quantities whih are most suitable to obtain
the information on the non-perturbative features assoiated to the presene of MPI, in the ase
where the MPI are dominated by independent ollisions initiated by dierent pairs of partons. To
this purpose, in addition to the inlusive ross setions onsidered till now in hard proesses, we
made use also of the information provided by the "exlusive" ross setions. Following a previous
artile where the "exlusive" ross setions were introdued[18℄, we have hene analyzed MPI
onsidering systematially all terms up to triple satterings. The inlusive and the exlusive
MPI ross setions are linked by the sum rules of Eq.(2) and, by heking the number of terms
needed to saturate the sum rules, one has a diret ontrol on the importane of the unitarity
orretions. The ase where no more that three parton ollisions give signiant ontributions
leads to very simple relations between inlusive and "exlusive" ross setions, the relations (18)
and (20) whih, being a onsequene of the denitions of the ross setions, hold rather in general.
One may thus obtain the values of the relevant parameters, σeff for the double parton ollisions
and the dimensionless parameter τ for the triple (having dened in that ase the sale fator as
τσ2eff ).
A onvenient way to measure the sale fators may be through Eq.s(21), whih make use only
of single and double ollisions terms. Notie that if the sum rules of Eq.(2) are saturated with
three terms in a given phase spae window (and hene in a given interval of x values) Eq.s(21)
must hold. By measuring σS, σ˜1 and σ˜2 as a funtion of x in the given interval, one may hene
obtain a reliable information on the dependene of the orrelation terms on x.
In our approah orrelations are introdued in the most general way, as deviations of the multi-
parton distributions from the Poissonian. Rather than trying to propose denite orrelation
models, our philosophy is hene to identify the observable quantities whih are most suitable to
obtain information on the orrelation terms of the hadron struture. To have an idea of where
the orrelation parameters (orrelation length and orrelation strength) may be most relevant we
have onsidered a few simplest ases. Of ourse orrelations will depend on all variables and in
partiular on frational momenta, beause of onservation laws. Nevertheless onservation laws
may not play a very important role when the parton population is large, namely at small x. In
Setion 3 he have worked out in full detail three simplied instanes, where the dependene of
orrelations on x may be negleted and whih allows a full (or almost full) analyti treatment
(Gaussian and exponential parton densities and orrelations, multi-parton distribtuions given by
a superposition of Poissonian). The relevant non perturbative information, namely the quantities
σeff and τ , are given as a funtion of the orrelation parameters in Eq.s (26, 27), Eq.s. (30, 31)
and Eq.s (37, 38) in the three ases. Notie that the hypothesis of a negligible dependene of
orrelations on frational momenta is easily tested experimentally by looking at the dependene
of σeff and τ on x.
In our disussion we did not allow for the dierenes between partons (gluons and quarks,
dierent avors, valene and sea). When onsidering denite reation hannels, the relations
obtained have hene to be adapted, taking into aount that the information on orrelations will
have to be related to the dierent kinds of initial state partons involved in the interations.
APPENDIX
When looking at the eets of the orrelation terms of the original multi-parton distribution
in proesses where three or more partons undergo hard sattering, a natural question is how to
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deal with higher order orrelation terms. In this appendix we sketh the proedure to deal with
this problem. When taking in onsideration three-body orrelations the starting point is:
Z[J + 1] ≡ exp
{∫
D(u)J(u)du +
1
2
∫
C(u, v)J(u)J(v)dudv
+
1
6
∫
T (u, v, w)J(u)J(v)J(w)dudvdw
}
=
∑
n
1
n!
∫
J(u1) . . . J(un)Dn(u1 . . . un)du1 . . . dun
The possibility of giving a lose form to Z does not exist any more, but a general proedure
is available, and well known [29℄: every funtional admitting a formal series expansion an be
expressed as
Φ[J ] = Φ[δ/δχ] exp
∫
J(u)χ(u)du
∣∣∣
χ=0
;
so the previous expression may be rewritten in the following form:
Z[J + 1] ≡ exp
[1
6
∫
T (u, v, w)
δ
δ(u)
δ
δ(v)
δ
δ(w)
dudvdw
]
×exp
{∫
[D(u) + χ(u)]J(u)du +
1
2
∫
C(u, v)J(u)J(v)dudv
}∣∣∣
χ=0
.
The seond exponential will give rise to terms similar to the ones in Eq. (6,7), the only dierene
is in the terms an, whih ontain D + χ instead of D. The whole expression is suitable for an
expansion in T . When ating with the derivatives one nds that every term T is onneted either
with three terms M(u, v), dened by the relation below, ending in turn on a density D or with
two of them, one of whih ends on one D and the other is losed on the same term T .
an = (−1)n+1
∫
DA(u1)σˆ(u1, u
′
1)CB(u
′
1, u
′
2)σˆ(u
′
2, u2)CA(u2, u3) . . .
· · · σˆ(un, u′n)DB(u′n)
n∏
i=1
duidu
′
i
≡ (−1)n+1
∫
DA(u1)σˆ(u1, u
′
1)Mn(u
′
1, u
′
n)σˆ(un, u
′
n)DB(u
′
n)
n∏
i=1
duidu
′
i
In partiular the rst two terms are:∫
T (u, v, w)σˆ(u, u′)D(u′)σˆ(v, v′)D(v′)σˆ(w,w′)D(w′)dudvdwdu′dv′dw′
and
∫
T (u, v, w)σˆ(u, u′)σˆ(v, v′)C(u′, v′)σˆ(w,w′)D(w′)dudvdwdu′dv′dw′ ;
and one expets the rst to be the most important.
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